We establish some results on the existence and uniqueness of coupled fixed point involving nonlinear contractive conditions in complete-ordered partial metric spaces.
Introduction
The concept of partial metric which is a generalized metric space was introduced by Matthews 1 in 1994 , in which the distance between two identical elements needs not be zero. The existence of fixed point for contraction-type mappings on such spaces was considered by many authors 1-12 . A modified version of a Banach contraction mapping principle, more suitable to solve certain problems arising in computer science using the concept of partial metric space is given in 1 .
Gnana Bhaskar and Lakshmikantham 13 introduced the concept of coupled fixed point of a mapping F : X×X → X and proved some interesting coupled fixed point theorems for mapping satisfying the mixed monotone property. Later in 14 , Lakshmikantham and Cirić investigated some more coupled fixed point theorems in partially ordered sets. For more on coupled fixed point theory, we refer the reader to 2, 14-20 .
First, we start by recalling some definitions and properties of partial metric spaces.
Definition 1.1 see 9 .
A partial metric on a nonempty set X is a function p : X × X → R such that for all x, y, z ∈ X: 
A partial metric space is a pair X, p such that X is a non empty set and p is a partial metric on X. Each partial metric p on X generates a T 0 topology τ p on X which has as a base the family of open p-balls {B p x, , x ∈ X, > 0}, where B p x, {y ∈ X : p x, y < p x, x } for all x ∈ X and > 0. Matthews observed in 1, page 187 that a sequence x n in a partial metric space X, p converges to some x ∈ X with respect to Let X, p be a partial metric. We endow X × X with the partial metric q defined for
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In this paper, we establish some results on the existence and uniqueness of a coupled fixed point involving nonlinear contractive conditions in complete-ordered partial metric spaces analogous to some other results in 17, 18 .
Before presenting our main results, we recall some basic concepts. Definition 1.6 see 8 . An element x, y ∈ X × X is said to be a coupled fixed point of the mapping F : X × X → X if F x, y x and F y, x y.
Definition 1.7 see, Gnana Bhashkar and Lakshmikantham 13 . Let X, ≤ be a partially ordered set and F : X × X → X. The mapping F is said to has the mixed monotone property if
for any x ∈ X.
1.5
Now, let us denote by Φ the set of all nondecreasing continuous functions ϕ : 0, ∞ → 0, ∞ that satisfy i ϕ t 0 if and only if t 0,
Again, let Ψ denote all functions ψ : 0, ∞ → 0, ∞ which satisfy lim t → r ψ t > 0 for all r > 0 and lim t → 0 ψ t 0. It is an easy matter to see that Φ ⊆ Ψ and 1/2 ϕ t ≤ ϕ t/2 for any t ∈ 0, ∞ .
Main Results
The aim of this work is to prove the following theorem. Theorem 2.1. Let X, ≤ be a partially ordered set and suppose that there is a partial metric p on X such that X, p is a complete partial metric space. Let F : X × X → X be a mapping having the mixed monotone property on X and assume that there exist ϕ ∈ Φ and ψ ∈ Ψ such that
for all x, y, u, v ∈ X with x ≥ u, y ≤ v, and α β < 1. Suppose either F is continuous or X has the following properties:
ii if a nonincreasing sequence x n → x, then x ≤ x n for all n.
If there exist x 0 , y 0 ∈ X such that x 0 ≤ F x 0 , y 0 , and F y 0 , x 0 ≤ y 0 , then there exist x, y ∈ X such that x F x, y and y F y, x , that is, F has a coupled fixed point. Furthermore, p x, x p y, y 0.
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Proof. Choose x 0 , y 0 ∈ X and set x 1 F x 0 , y 0 and F y 0 , x 0 y 1 . Since x 0 ≤ F x 0 , y 0 and y 0 ≥ F y 0 , x 0 , letting x 2 F x 1 , y 1 and y 2 F y 1 , x 1 , we denote
and due to the mixed monotone property of F, we have
Further, for n 1, 2, . . ., we can easily verify that
2.4
Since x n ≥ x n−1 and y n ≤ y n−1 , from 2.1 , we have 
2.6
Consequently, since ϕ is nondecreasing, using 2.5 and 2.6 , we get 
2.16
From p 2 and 2.10 , we have p x n , x n ≤ p x n , x n 1 ≤ α β n p x 0 , x 1 p y 0 , y 1 .
2.17
Since α β < 1, we get, lim n → ∞ p x n , x n 0. Similarly, one can show that lim n → ∞ p y n , y n . Therefore,
2.18
Finally, we will show that x F x, y and y F y, x . a Assume that F is continuous on X. In particular, F is continuous at x, y , hence for any > 0, there exists δ > 0 such that if u, v ∈ X × X verifying q x, y , u, v < q x, y , x, y δ, meaning that
because p x, x p y, y 0, then we have
Since lim n → ∞ p x n , x lim n → ∞ p y n , y 0, for γ min{δ/2, /2} > 0, there exist n 0 , m 0 ∈ N such that, for n ≥ n 0 , m ≥ m 0 , p x n , x < γ and p y n , y < γ. Therefore, for n ∈ N, n ≥ max n 0 , m 0 , we have p x n , x p y n , y < 2γ < δ, 2.21 so we get p F x, y , F x n , y n < p F x, y , F x, y 2 .
2.22
Now, for any n ≥ max n 0 , m 0 ,
2.23
On the other hand, inserting p x, x p y, y 0 in 2.1 , we get x. Similarly, we can show that F y, x y. b Assume that X satisfies the two conditions given by i and ii . Since x n , y n are a nondecreasing sequences and x n → x, y n → y, we have x n ≤ x and y n ≥ y for all n. By the condition p 4 , we have
Therefore,
≤ ϕ p x, x n 1 ϕ αp x n , x βp y n , y − ψ αp x n , x βp y n , y .
2.26
Taking the limit as n → ∞ in the above inequality, using 2.18 , and the properties of ϕ and ψ, we get ϕ p x, F x, y 0. Thus, p x, F x, y 0. Hence, x F x, y . Similarly, one can show that y F y, x . Thus, we proved that F has a coupled fixed point. Proof. For α β < 1, taking ϕ t t and ψ t 0, we get the result.
The following main theorem for Gnana Bhaskar and Lakshmikantham in 13 proved the next theorem.
hypotheses of Theorem 2.1 are satisfied with ϕ t t, ψ t 0 and α β 1/8. Therefore, F has a coupled fixed point. Here, 0, 0 is the coupled fixed point of F.
Application
In this part, from previous obtained results, we will deduce some coupled fixed point results for mappings satisfying a contraction of integral type in a complete partial metric space.
Let Γ be the set of all functions α : 0, ∞ → 0, ∞ satisfying the following conditions: 
3.2
We have the following result. 
